To François Rouvière on his 60 th birthday.
Introduction
In his paper [1] Funk showed, using tools from a geometric paper by Minkowski, that an even function f on the sphere SS 2 is explicitly determined by its integrals f (ξ) over greater the circles ξ on the sphere. The evenness condition is clearly necessary since f ≡ 0 if f is odd.
The negative aspect of the result would suggest that Funk's theorem might not extend to geodesic integrals on a compact symmetric space since the concept of an even function is not present. However we shall see that in restated form from the theorem generalizes to compact symmetric spaces.
Let SS + denote the top half x 3 > 0 of SS 2 and f ∈ C ∞ c (SS + ). Then g(x) = 1 2 f (x) + f (−x) is even and f = g. The inversion formula for g (Corollary 2.1) thus gives an inversion formula for f on SS + . In this form we extend Funk's injectivity result to compact symmetric spaces, even with an explicit inversion formula. 2 Let M = U/K be an irreducible compact simply connected symmetric space, U being a compact semisimple Lie group. For this space we shall use results from our paper [2(b)]; see also [2(c)], VII, §11, whose notation we follow. Let u = k + p * be the eigenspace decomposition for the involution of the Lie algebra u of U . If the metric on M is given by the negative of the Killing form B of u, the maximal sectional curvature Proof: A 0 is a K-orbit because of Theorem 1.1. For a similar statement for E 0 we must verify that the two midpoints e(γ) on the same minimal γ are conjugate under K. This is obvious if we take Proposition 1.2 into account. For the rest see [2(c)], VII, §11.
Definition. The Funk transform for
ξ being a closed geodesic in M of minimal length and dm the arc element.
Because of Theorem 1.1 we have a pair of homogeneous spaces:
where H is the stabilizer of a specific minimal geodesic ξ in M . We then have the corresponding dual transform ϕ →φ where
Notation: In a metric space B r (p) denotes the open ball with center p and radius r. S r (p) denotes the corresponding sphere.
Inversion on S n
We consider now the sphere
where L = O(n) is the isotropy group of o = (0, . . . , 0, 1) and the space
where H p is the stability group of a k-sphere ξ p ⊂ X which has distance p from o. In addition to the Funk transform f → f
we consider also the dual transform,
the average of ϕ over the set of SS k at distance p from x. We writeφ forφ 0 . In [2(a)] we inverted the transform f → f by the formula
for k even, P k (∆) being an explicit polynomial in the Laplacian ∆ of degree k/2. In the paper [7] this is augmented by the case k = n − 1, k odd, and the transform f → f inverted by an integral which is then suitably regularized. In [2(e)] I published the inversion formula (2.4) below for f → f , valid for all k and n; in comparison with (2.3) it seemed so unwieldy that I did not publish it in [2(a)]; at that time the case k = 1 (the Xray transform) had not gained the later prominence. Unexpectedly, the formula simplifies considerably for k = 1 and this version is the basis for the extension below to the compact space M = U/K. One more inversion of f → f on SS n with k arbitrary was given by Rubin [6] .
From Theorem 3.2 in [2(e)] we have the following inversion formula for (2.1). For f ∈ C ∞ (SS n ) even
and Ω k+1 is the area of the unit sphere in R k+1 .
Remark.
Let (M r f )(x) denote the average of f over a sphere in X with center x and radius r. The proof of (2.4) in [2(e)] used the fact that the function y → (M d(x,y) f )(x) on ξ p is even, d denoting distance and d(x, ξ p ) = p. If g = O(n + 1) is such that g · o = x then it was shown that (M d(x,y) 
which is indeed even in y because of the linearity of gℓg −1 . 4
For the case k = 1 we can derive a better version even without the evenness assumption. The proof is a direct analog of that of Theorem 4.3 in [2(g)].
Corollary 2.1. The X-ray transform on SS n is inverted by the formula
Here dω is the normalized measure on the equator E x .
Proof:
Replacing f by 1 2 (f (x) + f (−x)) has no effect on f so with F (cos p) = ( f ) ∨ p (x) we have for the right hand side of (2.4)
which by integration by parts becomes
The first term is an average of the integrals of f over geodesics at distance π/2 from x which thus lie in E x . It represents a rotation-invariant functional on E x hence a constant multiple of the integral over E x . Taking f ≡ 1 the constant is 1 and the formula is proved.
3 The case of a compact symmetric space
We shall now combine Theorem 1.1 and Corollary 2.1 to study the Funk transform (1.1). Note that this is the X-ray transform restricted to minimal geodesics. Given f ∈ C ∞ (M ) we consider its restriction f |M δ to the sphere M δ . For 0 ≤ p ≤ π 2 we fix a geodesic ξ p ⊂ M δ at distance p from o. Let f * denote the Funk transform (f |M δ ) and ϕ * p the dual transform (2.2). Note that ϕ * p is (for given p) independent of the choice of ξ p . Then (2.5) implies
d dp
where E ′ 0 is the equator in M δ associated to o. By Proposition 1.2, E ′ 0 = S · Exp ( 1 2 A(δ)). We now apply (3.1) to the function
Since A 0 = K · Exp A(δ) the left hand side becomes s kindly pointed out by Rouvière, (4.2) agrees with his formula in Theorem 1 in [5(b) ] which more generally holds for each root of (g, a).
